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We analyze the ritial quantum utuations in a oherently driven planar optial parametri
osillator. We show that the presene of transverse modes ombined with quantum utuations
hanges the behavior of the `quantum image' ritial point. This zero-temperature non-equilibrium
quantum system has the same universality lass as a nite-temperature magneti Lifshitz transition.
The non-equilibrium system onsisting of a nonlinear
rystal inside a laser driven Fabry-Perot interferometer,
that ouples sub-harmoni intra-avity modes to a har-
moni pump [1℄, is known as an optial parametri osil-
lator (OPO). As well as demonstrating quantum squeez-
ing [2℄ and EPR entanglement in numerous quantum in-
formation experiments, this system is widely used in fre-
queny onversion appliations. In single-mode experi-
ments, there is a ritial point in the phase diagram. This
is aused by an inrease in the pump intensity, whih
results in a transition from a disordered (but quantum
squeezed) phase below threshold, to an ordered phase
with a oherent output above threshold.
When extended to an interferometer with multiple
transverse modes, more omplex dynamial eets o-
ur due to diration of the down-onverted light,
whih are governed by the Swift-Hohenberg equation
near threshold[3℄. The theory an be quantized[4℄, and
hene inludes quantum utuations[5℄. Experimentally
observable[6, 7℄ `quantum images' are evidene for quan-
tum pattern formation with spatio-temporal orrelations
in the output quadratures. Thus, the system an show
both spatial ritial utuations and non-equilibrium
spontaneous pattern formation, whih ours in many
elds of physis and other sienes[8℄.
In this Letter we apply the theory of nite size saling
to solve for the ritial quantum dynamial properties,
and obtain the universality lass this phase-transition
orresponds to. We provide a full quantum desrip-
tion of this non-equilibrium system using the positive
P-representation, fousing on the nature of the ritial
point and ritial utuations. This allows us to obtain
an analyti solution for the funtional distribution of the
large ritial utuations aused by quantum noise in the
down-onversion proess. There is an unexpeted uni-
versality property in the solutions. Even though this is a
non-equilibrium quantum system of oupled boson elds,
we nd the in one quadrature, the quantum utuations
have exatly the same behavior as a lassial thermal sys-
tem of elds at a two-dimensional Lifshitz point, whih is
a model ommonly used to desribe the phase transition
to a modulated magneti phase; in the omplementary
quadrature there is strong entanglement.
The unitary evolution of the OPO system an be de-
sribed by the Hamiltonian[5℄
Ĥ =
∑
n=0,1
∫
d2~x
{
Aˆ†n
[
ωn − v
2
2ωn
∇2
]
Aˆn
}
+i~
∫
d2~xAˆ0
{
E∗e2iωLt − χAˆ†21
}
. (1)
The term χ is a oupling parameter that depends on
the nonlinear rystal, the frequenies of the eld modes
are ω1, ω0 = 2ω1, v is the intraavity group veloity, and
Aˆn is the n− th photon eld. The pump is desribed by
the amplitude E that ould arry a spatial struture - but
here we will assume a onstant plane wave input. In ad-
dition, there are damping eets due to output ouplings
from the avity mirrors, whih an be well approximated
using as a Markovian master equation for the density
matrix ρˆ, so that:
∂ρˆ
∂t
=
1
i~
[
Ĥ, ρˆ
]
+
∑
n=0,1
γnLn [ρˆ] , (2)
where Ln [ρˆ] =
∫
d2~x
[
2AˆnρˆAˆ
†
n − ρˆAˆ†nAˆn − Aˆ†nAˆnρˆ
]
de-
sribes the output oupling from the nth intra-avity
mode, with damping rate γn. This leads to a set of
Fokker-Plank equations, mapped from the the quan-
tum density matrix, using operator representation the-
ory. These are valid provided boundary terms vanish in
the mapping transformation, whih we have heked nu-
merially. Using the positive P-representation, we derive
the following stohasti equations[1, 5, 6℄ in a rotating
frame at frequeny ωL:
∂A1
∂t
= −γ˜1A1 + χA+1 A0 + iγ1D∇2A1 +
√
χA0ξ1(t, ~x) .
∂A0
∂t
= −γ˜0A0 + E − χ
∗
2
A21 +
iγ1
2
D∇2A0 . (3)
Here we write the two dimensional Laplaian ausing
diration, as ∇2 = ∂2/∂x2 + ∂2/∂y2. The omplex
relaxation rates are γ˜i = γi(1 + i∆i). The relative de-
tunings between the pump laser at 2ωL, and the modes
supported by the avity are ∆0 = (ω0 − 2ωL)/γ0, and
2∆1 = (ω1 − ωL)/γ1 . The diration rate is dened as
D = v2/(2γ1ω1). The stohasti eld ξ1 whih desribes
quantum noise is real and Gaussian, with orrelations of
〈ξ1(t)〉 = 0 and 〈ξ1(~x, t)ξ1(~x′, t′)〉 = δ2(~x− ~x′)δ(t− t′).
In addition, there are equations that orrespond to
the hermitian onjugate elds. As elsewhere in this Let-
ter, we obtain these by onjugating the onstant terms
and replaing the stohasti and noise elds aord-
ing to: Ai → A+i , ξ1 → ξ+1 , where ξ1, ξ+1 are inde-
pendent real Gaussian noises. These two noise elds
are suient to generate all quantum eets, and are
physially aused by the disrete nature of the pho-
ton pairs produed in down-onversion. The -number
elds Ai(t, ~x), A
+
i (t, ~x) are therefore not omplex on-
jugate, although they are stohastially equivalent in
terms of normally-ordered operator moments to pho-
ton operator elds Âi(t, ~x), Â
†
i (t, ~x). Thus for exam-
ple, the photon number density is〈Â†i (t, ~x)Âi(t, ~x′)〉 =
〈A+i (t, ~x)Ai(t, ~x′)〉 .
If we remove the transverse modes from the above
equations we return to the well known single mode OPO
theory. This system has a quantum ritial point - a
phase transition in the innite volume limit, where the
quantum utuations are redued below the vauum level
for the squeezed quadrature and beome huge for the un-
squeezed quadrature[9℄. In a reent analysis [10℄ of this
problem near the ritial point, going beyond the lin-
ear theory, we obtained a saling law for the squeezing
quadrature spetrum near threshold, and the parameters
for the optimum squeezing.
The introdution of transverse modes generates a spa-
tial struture in the sub-harmoni eld with an inten-
sity orrelation funtion known as a quantum image [5℄,
sine it is supported by quantum utuations. To treat
this problem analytially, we an perform an adiabati
elimination of the stable pump mode in the limit of
γ0 ≫ γ1 and ∆0 → 0. That is, we assume that the
pump mode has a short relaxation time.
Negleting pump diration - whih is negligible in the
ritial regime - we obtain an adiabati solution for the
pumped eld: A0 =
(E − χ∗A21/2) /γ0, together with a
similar equation for the onjugate term. This solution
takes into aount the depletion of the pumping mode
that supplies energy for down-onverted light, and leads
to an adiabati equation for the down-onverted eld:
∂A1
∂t
= −γ˜1A1 + χ
γ0
(
E − χ
∗
2
A21
)
A+1
+ iγ1D∇2A1 +
√
χA0ξ1(t, ~x) . (4)
Next, we introdue dimensionless variables τ = t/t0
and ~r = ~x/x0, with a orresponding down-onverted eld
α = x0A1. Due to ritial slowing down, the harater-
isti length x0 and time t0 sale as t0 = 1/(gγ1) and
x20 = D/
√
gc, where the eetive nonlinear oeient is
gc = |χ|4/3/[8Dγ0γ1]2/3 , and we will assume that gc ≪ 1.
The dimensionless driving eld is µ˜ = χE/[γ1γ0] = µ+iθ.
We also introdue appropriately saled noise elds with
ξ(τ, ~r) = x0
√
t0ξ1(t, ~x), and the orresponding hermitian
onjugate terms.
With these denitions, we nd that:
∂α
∂τ
=
1
gc
[−(1 + i∆1)α+ (µ˜− 4g2cα2)α+]
+
1√
gc
[
i∇2rα+ ξ
√
(µ˜− 4g2cα2)
]
. (5)
This equation inludes both the down-onversion term
proportional to α+1 , whih generates a squeezed signal 
together with a nonlinear saturation term proportional
to −α21α+1 , whih limits the down-onverted amplitude,
and leads to nite size ritial utuations.
Critial utuations are most usefully analyzed with
saled quadratures that orrespond to experimentally a-
essible homodyne detetion. These are dened as
X(τ, ~r) =
√
gc
[
α1(τ, ~r) + α
+
1 (τ, ~r)
]
Y (τ, ~r) = i
[
α+1 (τ, ~r)− α1(τ, ~r)
]
. (6)
Similarly, there are quadrature noise elds dened
as ξx (τ, ~r) = ξ(τ, ~r) + ξ
+(τ, ~r), and ξy (τ, ~r) =
i
√
gc [ξ
+(τ, ~r)− ξ(τ, ~r)]. The resulting quantum dynam-
ial equations for these signal eld quadratures are:
∂X
∂τ
= − [γx +X2 + gcY 2]X − [γxy +∇2] Y + ξx
gc
∂Y
∂τ
= − [γy + gcX2 + gc2Y 2]Y − [γyx −∇2]X + ξy .
(7)
The linear deay matrix that ouples the X and Y
quadratures is given by:[
γx γxy
γyx γy
]
=
[
(1− µ)/gc −(θ +∆1)/√gc
(∆1 − θ)/√gc (1 + µ)
]
.
(8)
We assume also that lose to threshold, and for
small enough detunings, γx = O(1) and γxy = −(θ +
∆1)/
√
gc = O(1). We an always hoose quadrature
phases so that θ = ∆1 + O(gc). With this hoie, Y is
mainly oupled to the X quadrature via the diration
term, whih ouples noise from the ritial utuations
bak into the squeezed quadrature. This implies that
µ˜ = 1 + O(gc) and γy = 2 + O(
√
gc), so that the noise
orrelations are given by;
〈ξx(τ, ~r)ξx(τ ′, ~r′)〉 = 2δ(τ − τ ′)δ2(~r − ~r′) +O(gc) . (9)
We an now perform a seond type of adiabati elimi-
nation, whih is valid in a neighbourhood of the ritial
point. This takes into aount the fat that the utua-
tions in the X quadrature beome very slow near thresh-
old, while the Y quadrature still responds on fast time-
sales of order 1/γ1. To leading order we an drop terms
3of O(
√
gc) where gc ≪ 1, and approximate the above
equations as follows:
∂X
∂τ
= −γxX − γxyY −X3 −∇2Y + ξx
0 = −2Y +∇2X . (10)
We an therefore eliminate the fast or non-ritial
quadrature variable Y , by writing the steady state solu-
tion of the Y quadrature as Y ≃ ∇2X/2 . This produes
a redued equation for the ritial quadrature variable
X , whih is valid near threshold:
∂X
∂τ
= −γxX −X3 − γxy
2
∇2X − 1
2
∇4X + ξx . (11)
The above Langevin equation is a Ginzburg-Landau
equation desribing the ritial quadrature dynamis.
Unlike the usual appliation of this equation, we note
that system is a non-equilibrium one. The noise term
ξx is of quantum origin rather than thermal origin, and
is present at zero temperature. It is possible to write
an equivalent funtional Fokker Plank equation for the
probability density P [X ],
∂P
∂τ
=
δ
δX
[(
γx +X
2 +
γxy
2
∇2 + 1
2
∇4
)
X +
δ
δX
]
P ,
(12)
and look for the equilibrium distribution in the form
P [X ] = Nexp(−V [X ]), where V (X) is a potential fun-
tional. Making this substitution, the solution for the dis-
tribution P [X ] is given by :
P ∝ e[−
∫
d2~r(2γxX2+X4−γxy [∇X]2+[∇2X]2)/4] . (13)
This expression is exatly the same as the Ginzburg-
Landau free energy of a next nearest neighbor magneti
interation, where X plays the role of an order parame-
ter. That is, we have been able to map this problem into
a soluble magneti phase-transition equation with a Lif-
shitz point[11℄. The phase diagram of this optial system
should therefore have two ordered phases, one of them a
spatially modulated phase assoiated with a pattern for-
mation. This generi behavior is known to our in an
OPO, from previous analysis[3℄.
In this analogy, the optial paramagneti phase or-
responds to a random photon emission from the OPO
operating below threshold, the optial ferromagneti
phase to a ontinuum emission uniformly distributed
in the transverse plane parallel to the avity operating
above threshold. In the optial ferromagneti modulated
phase, we have a ontinuum emission but with modu-
lated quadrature in this plane. At the Lifshitz point, all
three phases o-exist.
The line γx = 0 is the line of the seond-order phase
transition between order-disorder (oherent-inoherent)
states. In the inoherent phase below threshold, γx > 0,
and in the uniform oherent phase above threshold γx <
−2
0
2
−1
0
1
0
1
2
3
γ
x
k
<
|X(
k)|
2 >
Figure 1: Variane of the quadrature Fourier omponent
〈|X(k)|2〉 as a funtion of γx. Results obtained on a 100×100
lattie with a 40 × 40 domain size, using periodi boundary
onditions and averaging over 100 stohasti trajetories.
0, as expeted in the single mode ase. If γx vanishes
we have a Lifshitz point over the line γx = 0, and thus
a triple point haraterizing the oexistene of the three
phases. This holds in the ase of perfet tuning of the
signal eld inside the avity, so that ∆1 = 0.
In ondensed matter physis, the nature of the Lif-
shitz point[13, 14℄ is ruially dependent on the order
parameter and spatial dimension. Depending on the di-
mensionality of the order parameter, the system may or
may not have a true phase transition in two dimensions.
Our system has a one-dimensional real order parame-
ter and two spatial dimensions with transverse modes,
so we expet that this system should have a true phase
transition in the innite volume limit at nite temper-
ature. Aording to the Mermin-Wagner theorem[15℄,
inreasing the order parameter dimension (as in type II
down-onversion) would result in phase utuations that
ompletely destroy any long range order. Similarly, re-
duing the spatial dimension would result in a ontinuous
transition without a threshold.
A numerial simulation of the Ginzburg-Landau equa-
tions (11) with a ontinuously sanned input shows that
the sub-harmoni quadrature orrelations appear to have
a true ritial point in two transverse dimensions. This
result is shown in Figure (1), whih graphs 〈|X(k)|2〉
around k = 0, as a funtion of the driving eld γx near
threshold.
While these large utuations are ourring, we note
that there are still strong non-lassial orrelations in the
squeezed quadrature. This an be seen by analysing the
relevant equations to the next order in gc, whih we also
simplify by using a Gaussian fatorization[16℄ :
gc
∂Y
∂τ
≈ −γyY +∇2X − gcY 〈X2〉 − γ˜yxX + ξy , (14)
where γ˜yx = γyx + 2gc〈XY 〉. In general, one an always
hoose an optimum loal osillator phase so that θ =
k2 + ∆1 + 2gc〈XY 〉, in order to minimise the feedbak
40 0.1 0.2 0.3 0.4 0.510
−6
10−5
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10−2
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c
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)
Figure 2: Squeezing spetrum as a funtion of frequeny, with
(solid line) and without (dotted line) nonlinear orretions.
The parameters used are γx = 0.5, gc = 0.01.
of ritial utuations into the squeezed quadrature at
a given transverse momentum k. This leads to Fourier
solutions whih showing that entanglement[17℄ between
the modes of momentum k and−k an still our at small
enough wave-vetors, resulting in a universal squeezing
spetrum as a funtion of frequeny:
V (Ω) = 1− 1− gc(〈X
2〉+ γx)
(gcΩ/2)2 + (1 + gc(〈X2〉 − γx)/2)2
. (15)
This result diers from the linearised preditions of
earlier treatments[5℄. A graph of the resulting spetrum
in the Gaussian approximation is shown in Fig (2), om-
pared to the linearized squeezing spetrum, showing large
dierenes near threshold.
In summary, we have shown that the planar non-
equilibrium OPO with quantum noise an be mapped to
a magneti phase-transition in two dimensions. Sine the
present ase has a salar, real order parameter it is anal-
ogous to the uni-axial (m = 1) magneti order parame-
ter ase, whih is known to have a thermal equilibrium
Lifshitz-point phase-transition at nite temperature[14℄.
This demonstrates a striking resemblane between known
thermal equilibrium phase-transitions, and a quantum
non-equilibrium system in whih quantum noise replaes
thermal noise. In this system there are also quantum
orrelations of the emitted photons, ausing quantum
squeezing and entanglement. Nevertheless, this highly
non-lassial behavior is found only in the squeezed (Y )
quadrature whih has no ritial slowing down - and o-
exists with a rather lassial and universal ritial u-
tuation eld in the onjugate (X) quadrature.
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